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Abstract 

We investigate the anomalous creation of fundamental strings using the bound- 
ary state formalism of fractional D-branes on ALE spaces in the orbifold limit. The 
open string Witten index plays a crucial role in this calculation and so the result 
remains unchanged even if we blow up the orbifold geometrically, matching the 
anomaly inflow argument. 

Further we consider the quiver gauge theories on such fractional D3-branes and 
see that the string creation mechanism determines 1-loop logarithmic monodromy 
of these gauge theories. Also we comment on the relation of D(-l)-D3 amplitude to 
the 1-loop beta function. 
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1 Introduction 



Since the discovery of D-branes U, nonperturbative aspects of superstring theory have 
been intensively investigated and the tremendous progress has been made. 

Usually, a D-brane is defined as a solitonic object to which open strings attach. But 
there is another equivalent description from the viewpoint of closed strings and it is 
called the boundary state jnj. The correspondence between these two descriptions which 
is called the Cardy's condition gives a very crucial consistency condition if one would 
verify the existence of some complicated D-branes such as non-BPS D-branes discussed 
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^4}| and D-branes in orbifold models or Gepner models discussed in || U |TTJ |L0| . 



Another situation where the boundary state description of D-branes plays an impor- 
tant role is the investigation of string creation mechanism as already discussed in the case 
of flat space [I7| . 

In this paper we discuss the string creation phenomenon in the case of the orbifold 
limit of ALE spaces and show that the Witten index of ALE space part of the open string 
CFT plays crucial role. So the result will not change if we blow up the orbifold. Further 
we derive the 1-loop monodromy of the quiver gauge theory on D-branes at an orbifold 
singularity. 

This paper is organized as follows. In section 2, we review the description of fractional 
D-branes on the orbifold limit of ALE spaces and some mathematical facts. In section 3, 
we explain already known boundary state formalism of orbifold theory and give complete 
proof that this is indeed the case. In section 4, we calculate the open string Witten 
index by using boundary state formalism. In section 5, we investigate the string creation 
phenomenon of D-branes on ALE spaces from the viewpoint of both the CFT calculation 
and anomaly inflow. In section 6, we consider the quiver gauge theories on D-branes and 
show 1-loop monodromies are equivalent to the string creation phenomenon. In section 7, 
we summarize the conclusions and comment on future directions. In the appendix A, we 
give a explicit construction of boundary states of fractional D-branes at A^-i singularity. 



2 Fractional D-branes at orbifold singularities 

Here we summarize the description of the fractional D-branes at the orbifold C 2 /T sin- 
gularities || . We concentrate on the orbifold limit of ALE spaces in this and the next 
section. But as we will see later, the main parts of the results of this paper remain correct 
if we blow up the orbifold. 

The orbifold singularities C 2 /T are classified by the discrete group T falling into 
A,D,E series. Irreducible representations of T are finite dimensional (in particular one 
dimensional for A series) and we write them as {p{\ (1 < % < rr) , where we define rr as 
the number of irreducible representations. 

Explicit T-actions on C 2 whose coordinates are written as (21,22) are given in ||[]3| 
and for An type (T = Zn+i) they follows 

r = {l,«7,..,^} (g N+1 = l) 
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27T2 2iri 



g : zi — > e^+^i , z 2 — >■ e ^+iz 2 - (2.1) 

This two dimensional representation is fundamental and is called as the "natural rep- 
resentation" p nat . 

The geometric meaning of C 2 /T- singularities is that some 2-cycles vanish at the origin 
and if we blow up those singularities we can define their intersection numbers C a p for 2- 
cycle [a] and [/?]. The following two mathematical facts are very useful. 

• There is a one-to-one correspondence between homology 2-cycles and the irreducible 
representations :[a] <-> p a . Further in the decomposition p a <%> p nat = @ r p = ia a ppp 
we can identify C Q/ 3 = — 2<5 Q/3 + a a/ 3 . It should also be mentioned that 2-cycles 
{[«]} (1 < oc < r r ) are not all independent and follow the relation : Y%£=i n a [ a l ~ 
0, where we set = dim(p a ) . 

• — 25 a p + a a f3{= C^) are equal to the Cartan matrices of the corresponding extended 
Lie algebras : T = {A N , D N , E 6 , E 7 , E 8 }. This highly nontrivial relation between 
the irreducible representations of T and extended Lie algebras is called as McKay 
correspondence [p2] . 



Physical models at C 2 /T-singularities are obtained from the conventional orbifold 
method and further we can consider D-branes in this theory. The orbifold CFT's are not 
really singular because there are twisted NSNS-B fields || on each of 2-cycles and wrapped 
strings and D-branes become massive. The explicit values of B-fields are given [|5| |18| as 

B NS = 27r-^- (nf = dim{p a )). (2.2) 
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A Dp-brane systems on C 2 /T space are classified by the representations of T action 
on their Chan-Paton factors A and we describe them as p — © a r = iTi a p a . A Dp-brane 
corresponding to p a is called a (a-type) fractional Dp-brane and can be interpreted as 
a D(p+2)-brane wrapped on a vanishing 2-cycle [a] as discussed in ||. We can always 
decompose a general Dp-brane system into fractional Dp-branes. 

The spectrums of open strings attached to such a Dp-brane system are given as follows 
||. We define P 5 -action on a- (3 string, which means the open string stretched between 
a-type and /3-type fractional Dp-brane as 

P 9 : A - 1 a (g)A^(g)- 1 -R(g), (2.3) 

where we define j a (g) as the action g e T on the Chan-Paton factor of p a representation 
and R(g) as the action g 6 T on the oscillator part of the open strings. 

If we concentrate on the massless modes, then we get 4D N=2 super Yang-Mills theory 
for p=3 and summarized as a quiver diagram 0. Its gauge groups are IlL=i U(n a ) and 
hyper multiplets belong to © ce ,/3a Q , )l g(n C( , n^) representation. And the geometrical blowing 
up modes correspond to Fl-terms in this Yang-Mills theory. 

In particular, a "bulk" D-brane corresponds to the regular representation, which is 
defined as p reg = © a n^ Va- The 4D N=2 super Yang-Mills theory on such branes have 
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vanishing (3- function implying superconformal invariance if we ignore each U(l) factor as 
discussed in flTf] . 

Generally, using DBI-action and WZ-terms of D-branes we can identify |0| the complex 
gauge coupling of each U{n a ) part as 

r Q = ^ ( B NS + 77- / Br , r = ie~* + X , (2.4) 



2tt J [a] 2tt 

where Bns,Br means NSNS,RR 2-form field and <p,x means dilaton,axion. 

(0) 

In the case of the regular representation, we get r a = 2 ^-r=const . 



3 The boundary states of D-branes at orbifold sin- 
gularities 

The boundary states of fractional D-branes at general orbifold singularities have already 
been constructed in ||, but it seems that no complete proof have been given until now. 
So we give the proof here in the case of C 2 /T orbifold^]. 

First we define the character x Q (fiO °f g-action on the p a representation as x Q (fiO = 
Tr 7 a 0) . 

The boundary states of orbifold theories generally exist for each twisted sector. Let 
us define \T g > (g G T) as 

2 jT fTrTs-nf ^^ e^ =< T g \A\T g >, (3.1) 

where Tr means trace over zero modes and oscillators, and and H Q correspond to 

the GSO-projection and the Hamiltonian of the open string. And we defined the closed 
string propagator A as 

POO I 

A = ira' / dle~ 2 ^ ~ ^ + • • (3.2) 
jo k 

where H c means the Hamiltonian of the closed string. 

Note that \T g > is composed of NSNS-sector and RR-sector boundary state as \T g >= 
\T g >nsns +1^9 >rr and for each p (p=even in IIA, p=odd in IIB) we can construct 
corresponding \T g >. In appendix A we give the explicit forms of \T g > for A^-type 
orbifold f] . 

Every boundary state can be written as a linear combination of {\T g >} g E T 
. Its coefficients are determined by the Cardy's condition which requires that the 
T-projections are well defined in open string sector. 

2 As is easily seen, generalizations of this proof to other orbifold cases are straightforward. 
3 The similar calculations were carried out previously in ref H. 
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So let us write down the Cardy's condition in the case of the open string stretched 
between fractional Dp-branes. Let us call the boundary state of a a-type fractional D- 
brane as \Dp(a) >. The correct T-projection for a — (3 string is given as follows. 

(3.3) 



p = H tVt = £ 



(L.H.S) = 2 jT ^Tr^[( 1± ^)(E (g) )e^]. (3.4) 



P C 9 P : A - i a (g)Ay 3 (g)-\ 

where Tr means trace over Chan-Paton factor in addition to zero modes and oscillators. 
If we first take the trace over only Chan-Paton factor, then we get 

dt^ open r ^i + (_i)^ gx a *{g)x"{g) 

<?er 

For example, in the case of An series we can simplify this as follows. 

(L.H.S) = 2 1 frrTJLnl 1 + \ l) E ^f-f e~™ H °), (3.5) 

where we defined £ = exp(-^ri) and we regarded g as the generator of An = Zn+i- 
Now, we can write down \Dp(a) > solving the equation ( |3.3| ) as 

|£>p(a)>=£ X a (g)\T g >. (3.6) 

This boundary state [§] represents a fractional Dp-brane which belongs to p a represen- 
tation and can be interpreted as a D(p+2)-brane wrapped on vanishing [a]-cycle. 

The tension and RR-charges of such a Dp-brane are easily obtained from this boundary 
state. To see this, we consider a bulk D-brane which belongs to the regular representation. 
The corresponding boundary state is 

\Dp(reg)> = £ n^ X a (g)\T g > 

<*,9 

= Hx a \i)x a {g)\T g > 

a 

= |r||7i>. (3.7) 
Here we have used the following character formula 

£ X a *(Qx a (C J ) = ^, (3.8) 

a&rr.rep. * 

(3.9) 

where hi is the number of elements which belong to the conjugacy class Cj (i = 1 ~ r-p). 

Using the technique developed in [fHfl , we can conclude that a fractional Dp-brane of 
a-type has ^ tension of a bulk Dp-brane and its g-th twisted sector RR-charges are x ^ . 
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4 Open string Witten index 

Here we concentrate on the internal 4D (C 2 /T) CFT part \B a > of the full boundary 
state \Dp(a) > and consider the open string Witten index. This 4D part contains all 
informations about the geometry of the orbifold limit ALE space. If we blow up the 
orbifold, then we will get different physical amplitudes, but topological quantities such as 
Witten index will not change. 

Following ||11||||12|1 , let us define the open string Witten index : tr a p (— 1) F as 



F _ rp a- /3 string r/ \F -2-KtH l 



Using the Cardy's condition, we get 

1,00 dt 



2 / o f t tr aP (-1) F =< B a , +\A\B p , - > RR , (4.2) 



where +, — means the spin structure of the boundary state (see appendix A or JTT 

As usual, massive modes (non chiral primary states) have no effect on this Witten 
index. So we can explicitly calculate this as follows 

tr af3 (-l) F = 2 ^2 Xa * i9)xl3{9) | J2 Xa ^ 9)X ^ 9)Xnat{9) 
per l r l g er l r l 

= — 25 a/ 3 + a a/ 3 

= C^. (4.3) 
Here we have used the decomposition 

Pa ® Pnat = ®J =1 a a /3Pp (4.4) 

and the following formulas 

J2x a *(g)x p (g) = \r\5a(i, (4.5) 

x p ® p '(g) = x p (g)-x p '(g)- (4.6) 



5 String creation from D-branes on ALE spaces 
5.1 CFT calculations 

Here we investigate D2-D6 system each wrapped on the 2-cycle of ALE spaces and show 
the anomalous creation of string in that system. In our orbifold description such a system 
is regarded as fractional D0-D4 system. 
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First let us calculate the amplitudes of DO — DA and DO — DA string. DO means 
anti DO-brane and its boundary state has an extra minus sign in front of the RR-sector 
boundary state. We assume that a fractional DO or DO-brane is a-type and a fractional 
_D4-brane is /3-type. 

Then we get 



< D0(a)\A\DA{(3) > 

roo rjf 
JO 2t t^r 



00 dt^ ..^ / ^. fl/ ^^. r i±(-i) F g _-2, Hot] 



e 

00 



-^riE X a *(gh%) /(£)e-^- Mfc2 TV;T-«[(l±(-in^e--i, 

(5.1) 



<?er 



where we choose — , + sign for DO-brane, Z)0-brane, respectively and superscript * means 
the elimination of bosonic zero modes. V\ means the volume of DO-brane and y is the 
distance between DO and D4. 

From these amplitudes we can read off the potential energy V of D0-D4 system. 
Naively, one may expect that V should vanish because of supersymmmetry in this system. 
To see unbroken supersymmetries, let us define by ( ) the world volume 

of D4-brane and by ( 9 ) the ALE space. Further we write T-matrices and a 

linear combination of super-charges as {T^} and €lQl + £rQr ■ Then the unbroken 
supersymmetries are given as 

r r 1 r 2 r 3 r 4 e i j 

±T°e R 

-r 6 r 7 r 8 r 9 e L , t R = -r 6 r 7 r 8 r 9 ei? . 

(5.2) 

So we get unbroken | supersymmetry (= 4 SUSY) . 



DA 




DO, DO 




ALE 





But explicit CFT calculation of ( 5T|) shows that such an expectation is partly wrong 
as follows 

V(D0 - DA) - V(D0 - DA) 

= — < D0(a)\A\DA((3) > -— < D0{a)\A\DA{(3) > 

= J2x a (g)x p (g)^r=e-^ fr R (-iy± ^ 

Jo t gcr VS7i 2 a't |1 I 

00 dt 1 



t V87i 2 a't 



e 2^tr a p( — 1) F 



= -TpiCa/3 y (Tpi = - — -). (5.3) 

In this calculation we have used the fact Tr^s {— 1) F = (because of fermionic zero 
modes) and tr a p(— 1) F = C a p as shown in previous section. 
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Further, we argue 



V{DO - DA) = 0. (5.4) 

( |5.4j ) can be easily verified in the lowest order and will be correct due to the supersym- 
metry. 

So we get 

V{D0 - DA) = -r Fl C aP y, (5.5) 
and this implies that DO — DA system is not supersymmetric. This situation is very 



similar to that of DO — D8 system discussed in [jr7|] and the string creation phenomenon 
is expected. Indeed if we interpret DO — DA system as the rotated D0-D4 system by ir in 
the plane spanned by the direction of DO-brane and the transverse direction x 5 , then the 
energy difference ( |5.3|) shows that C a p fundamental strings are created when a DO-brane 
of a-type crosses a D4-brane of /3-typeQ.This result will be the same if we T-dualize D0-D4 
system into Dp-D(4-p) system. 

It is important to note that in this calculation the open string Witten index is crucial 
and if we blow up the orbifold into various ALE spaces or more globally K3 surfaces, the 
result will not change. So we get the following conclusion taking the T-duality equivalence 
into consideration. 

When a Dp-brane wrapped on a 2-cycle [a] crosses a D(8-p)-brane wrapped on a 2- 
cycle [0\, C a p fundamental strings are created, where C a p is the intersection number of 
[a] and [/?]. 

5.2 Anomaly inflow argument 

Generally, string creation can also be investigated by using anomaly inflow argument 



developed in ||16|| . Anomalous creation of strings occurs if there are chiral fermions in the 
D-brane system such as D5 — D5 (D5 fl D5 =l-brane) in flat space, which is equivalent 
by T-duality to DO — D8 system. 

Let us apply this method to our case : D2-brane wrapped on [a] cycle and D6-brane 
wrapped on \(3] cycle. First we T-dualize this D2-D6 system into D3-D5 system, then 
chiral fermions in T-dualized D3-D5 system are generated from the intersection of D- 
branes and the number of chiral fermions is C a p including the sign of the orientation. So 
we get the following anomaly equation. 

AN = C aP Rj dt _ ^m.) {t = 2P), (5.6) 

where we have compactified x 5 direction (radius=i?) and Ar> 3 , Ad 5 means the gauge field 
on the D3,D5-brane. 



l li C a p < 0, then it means that the string disappears. 
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Next we take T-dual in the x 5 direction again and we get 



AN=-^ jdt d ^pl (t = x°), (5.7) 
2nR' J dt K h K ' 

where the radius of x 5 direction is R' = ^ and AX 5 means the distance between D2 and 
D6. 

This result is the same as that obtained in previous subsection by explicit CFT cal- 
culation. It will be important to note that the resolution by B-field is equivalent to the 
geometric resolution in the string creation phenomenon as the comparison between these 
two methods shows. 



6 1-loop monodromy of quiver gauge theories 
6.1 String creation and monodromy 

Here we consider fractional coincident D3-branes on the orbifold limit of ALE spaces in 
TypellB string theory. We call the number of each type of fractional D3-branes as {n a }. 
The quiver gauge theory on that system becomes N=2 super Yang-Mills theory and so 
we consider 1-loop /3-functions for each gauge group U(n a ). We define the complex gauge 
couplings as 

r a = i— + — . 6.1 

gl 2tt 

Remember that these gauge couplings are identified as the TypellB background given in 

We assume D3-brane world volume and 4D orbifold space extends in the direction 
of (x°, x 1 , x 2 , x 3 ) and (x 6 , x 7 , x s , x 9 ). The remaining (x 4 , x 5 )-plane will play the role of 
'u-plane' or moduli space of the Coulomb branch. 

Now let us apply the string creation mechanism discussed in previous section to D1-D3 
system, where a fractional Dl-brane stretches in the direction of (x°, x 4 ). If a Dl-brane of 
a-type crosses the D3-brane system, then Y?b=i C a prip fundamental strings are created. 

This means the following monodromy for each a around (x 4 ,x 5 ) = (0,0), where the 
D3-branes are coincident 

0=1 

i T 



~ r (°) 



.V C a pnp log(z a ) (z a = x A + ix 5 ). (6.2) 
2m 



0=i 



This result agrees with that of ||19|| , where the large N limit of the same system is 



treated by using AdS/CFT correspondence. And it also matches the 1-loop /3-function 
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from field theory calculations if we ignore each U(l) factor 

dr a (E) 1 ^ „ . 

where we have used the identification of z a as the energy scale for U(n a ) gauge theory. 
The justification of ignoring each U(l) factor will be the same as that discussed in p0| , 



which is T-dual to our setup on series ALE spaces. In other words, the geometrical 
resolution of the orbifold breaks each U(l) gauge by the existence of Fl-terms. 

6.2 1-loop /3-function from D(-l)-D3 amplitude 

Another way to see these 1-loop monodromies is to calculate the interaction between 
a fractional D(-l)-brane and the D3-brane system. This amplitude corresponds to the 
leading correction to the action of a D(-l)-brane in the presence of D3-branes as follows. 

S inst = 2mr a = 2mr'W- < £>(-l)|A|D3 > + • •• (6.4) 

Explicit calculation shows^] 

< D(-l)(a)\A\D3((3) > = 

_ rod A+ u |2 t 

< D(-l)(a)\A\D3((3) > = / ^ e-^rtr aP {-l) F 

Jo t 

~ const — 2C a/ 3 log\z a \. (6.5) 

But there is a subtlety here because there are two different 2D harmonic functions : 
~ log\z\ and ~ arg(z). The NSNS-scalar interaction belongs to the former and the 
RR-scalar the latter. So we should modify (|6.5|) as follows 



< D(-l)(a)\A\D3((3) >nsns = -C af3 log\z a \ + const, 

< D(-l)(a)\A\D3((3) > RR = -iC a/3 arg(z a ) + const, 

< D(-l)(a)\A\D3(/3) >nsns = -C af3 log\z a \ + const, 

< D(-l)(a)\A\D3([3) > RR = iC af3 arg(z a ) + const. (6.6) 



S inst = 2vrir a = + C a pn )log(z a ), (6.7) 



So we get 



matching the previous result ( |6.2|) . 

Note that this derivation of the background around D3-branes can be seen as the 



generalization of the method developed in [15]. To see this, take the low energy limit 



and we can regard \D(— l)(a) > as the vertex operator of twisted NSNS and RR scalars. 
But it is important that in our case the result is exact if we ignore the nonperturbative 
effects, indicating the well known fact that 4D N=2 gauge theories receive no higher loop 
corrections. 



5 D(-1)-D3 system is formally (time like) T-dual to D0-D4 system discussed before and the calculation 
is almost the same. 
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6.3 Comments on some other aspects of quiver gauge theories 

First we consider instantons in these gauge theories. A D-instanton of a-type can be 
regarded as an instanton of U{n a ) gauge theory. Let us define the instanton numbers as 

F a F a = k a . (6.8) 



32vr 2 



The bosonic moduli of this instanton corresponds to the bosonic zero modes in NS-sector 
D(-l)-D3 open string. So we get 



'T 



dimMinstanton = 4 k » H a ( 6 -9) 



a=l 



as expected. Unfortunately, as for the fermionic zero modes we get into a puzzle because 
the number of zero modes in D{— 1) — D3 is different from that in D(— 1) — D3. So we 
leave this as an open problem. 

Next we consider chiral transformations. We define a-type chiral transformation which 
is analogous to R-symmetry as 



$ Q -> e 2i *$ Q , W a -> e**W a , 9 -> e^B 

H a p — > H a/ 3 , H a p — > H a p, (6.10) 

where (W a ,$ a ) and (H a p,H a p) are chiral super field descriptions of vector multiplet 
(U(n a ) gauge) and hyper multiplet ((n a , n^) rep.) and 9 denotes the superspace fermionic 
coordinate. Here we restrict the value of (3 such that C a /3 ^ and so this chiral transfor- 
mation defined for each a is different from the conventional U(l) R-symmetry. 

For = 7r, this transformation becomes a classical symmetry of the quiver theory, 
but incorporating quantum effects this transformation changes the whole action as S — > 
S + AS. Conventional anomaly argument shows 

- AS = vr(X: Caftnp)^ J FF. (6.11) 

So we get the following monodromy for each a 

^ e 27ri $ Q , 9 Q -> 6 a + 2tt J2C a pnp. (6.12) 



This result matches ( |6.2| ) indicating the identification :$„ ~ z a . 

We conclude this section by mentioning the nonperturbative correction to this quiver 
theory from our view point. Exact solutions to these theories are already given in P0 



for T-dualized model of A N case and so we only comment on what will happen to the 
D3-brane system nonperturbatively. 
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So far we assumed that the D3-branes are coincident at the origin, but the effect of 
instanton corrections may separate them and generate characteristic mass scales. 

Let us consider the case Y,pC a pnp < which includes pure N=2 SU(n) Yang-Mills 
theory. In this case, (|6.2|) indicates r(z a ) — > — ioo (z a — > 0) and the interpretation ( |6.1|) 
does not work. This means that in this case D3-branes cannot be coincident and should 
'fragment' by the instanton effects until the condition X^C^ng > is satisfied . Quite 
recently some dynamics of these situations are considered from the viewpoint of AdS / CFT 
correspondence pl|j . 



7 Conclusions 

In this paper we have investigated the boundary state descriptions of fractional D-branes 
at orbifold singularities and calculated some amplitudes of the open sting stretching be- 
tween such D-branes which have the topological nature and are proportional to the open 
string Witten index. 

Such amplitudes show the occurrence of anomalous string creation when a fractional 
Dp-brane crosses a fractional D(4-p)-brane in the orbifold(C 2 /T) Type II theory. This 
topological nature will not change if we blow up the orbifold and the same phenomenon 
will occur in Typell string theory compactified on K3 surfaces. 

We have also mentioned the 1-loop monodromies in the quiver gauge theories on frac- 
tional D3-branes. Such monodromies are equivalent to the string creation phenomenon. 
But the interpretation of the fermionic zero modes of D(-l)-D3 string has been left as an 
open problem. 

Our treatment covers all types of D3-brane systems at an orbifold singularity, but if 
we take the large N limit, two important possibility can be considered. One possibility 
is that there are infinite many bulk D-branes which belong to the regular representation 
(JlpCaprip = 0) and 4D N=2 superconformal field theories are realized on those systems 
as discussed in |[L8| . Another possibility is that there are many fractional D-branes which 



belong to one particular type (J2a C a pnp — > oo). This case will provide us very interesting 



'exotic black holes' (or repulson) and AdS/CFT correspondence setups as discussed in pT 
The dynamical aspects of these situations should be studied systematically in the future. 

It will be interesting to generalize these results to more general compactifications 
such as Calabi-Yau spaces. D-branes on particular Calabi-Yau spaces have already been 
discussed using the boundary state description in M for C 3 /T and f! 1 1 110| for quintic 



surface. The string creation phenomenon in these examples will again closely be related 
to the open string Witten index and the intersection numbers and will be able to be 
discussed in the same way as our case. So such investigations will require the calculation 
of amplitudes at only particular points in the moduli spaces of such Calabi-Yau spaces. 
It will also be interesting to study those string creation mechanism from the viewpoint of 
gauge theories on the D-branes. 
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A Explicit boundary states of Ajv-i type orbifolds 

Here we construct fractional DO-brane boundary states \T g > of An-i type orbifolds 
explicitly by using the Cardy's condition. We represent an element of T = Zn as 
k (0 < k < N- 1). 

[CFT conventions] 



Let (z,z) be world sheet coordinates and (X° ~ X 5 ,Z 1 ,Z 2 ) (ip° ~ i[) 5 ,r],£ i ) be the 
fields corresponding to spacetime coordinates and their super partners. As in |25| , we use 
light cone formalism and we ree; ard X ,^ 1 as the light cone direction. We set a = 2, 3, 4, 5 
below. 

Then the string fields in the k-th twisted sector can be expanded as 



dX a {z 

dZ x {z 
dZ x {z 



-n -£<*~ m ~ \ BX a (z) 



meZ 



"M/y E < 

meZ 



~,a ——m—1 



Y€^ 



-iVrt e 



a? k z 



-TO— 1— * 



* , az 1 (^) = -z V VE 



meZ 



rneZ 



a^±z~ m ~ 1+ ^ 

JV 



-TO-1+- 



, dZ 1 {z) 



'E 

meZ 



N 



dz 2 ( z ) 


= -iVrt E Pm+jj Z ' 


-m-l+i 


9Z 2 (^) = - 


E K- 


JV 




m£Z 






meZ 




dz 2 { z ) 


= —iya' k z 


-m-l-i 


Bz 2 (z) = - 


-iv 7 ^ 7 E 3 m4 


JV 




m£Z 






meZ 




7](z) 


= v^E^-i^ 4 


k 


r 


r 1 fc 

fc Z 2 JV 
]V 








* , 




fc 2 2 + JV 
JV 





(A.l) 

where the modings : r of fermions are all half integer in NS-sector and integer in R-sector. 
And non trivial (anti) commutation relations are as follows (we only show left-moving parts 
only) 



k k 
(m + — )5 m ,_„ , [f3 m _k_ , f3 n+ k] = (to - — )5 m _ n 



{?7 r _fc , ^ r+ *.} = 5. 



13 



(A.2) 



So k-th twisted sector vacuum is defined as 



« m _ # |0 > k = (m > 0) , a m+j _\0 > k = (m > 0) 
« m+# |0 > fc = (m > 0) , a m _ # |0 > k = (m > 0) 
An+il° > fc = (m > 0) , ti m _*_\0 > fc = (m > 0) 
/9 m _ # |0 > fc = (m > 0) , a m+jk \0 > k = (m > 0) 
*7 r _i|0 > fc = (r > 0) , 77 r+ ^|0 > k = (r > 0) 
^ r+ ^|0 > fe = (r > 0, fj r _k\0 >k= (r > 0) 
C + a|0 > fc = (r > 0) , f r _£|0 > fe = (r > 0) 
C_a|0 > k = (r > 0) , | r+A |0 > fc = (r > 0). 



Then the zero point energy is 



(A.3) 



(A.4) 



and physical states satisfy (L + a sect0 r)\phys >= (L + a sector )\phys >= 0. Here we 
defined 



/ 2 

ay 



a=2 n>l 



r>0 



n=— oo 

oo 



+ E { : (r - ^)77 r _A77 n+ A : + : (r + 



N' 



(A.5) 



and L similarly. For later use, we define closed string Hamiltonian H c as 



H c = L + L + a L sector 



and open string Hamiltonian:iJ G similarly. 
[Construction of boundary state] 



-I- n R 

1 sector' 



(A.6) 



The DO-brane k-th twisted sector boundary state: \T k ,e > (0 < k < N — 1) in the 
theory of TypellA on R 1 ' 5 x C 2 /Z N is defined as follows. 



«-d°J|T fc ,e>=0 , (r r -ier- r )\T k ,e>=0 
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(« m _^ -tt_ m+ ^)|T fc ,e >= , {a m+ k_ - a_ m _k_)\T k ,e >= 

(/3 m+# - P-m-^lTk, e >= , CP m -± ~ P- m+ *)\Tk, e >= 
(Vr-j- -^_ r+ ^)|T fc ,e >= , {fj r+ k_ -iefj_ r _k_)\T k ,e>= 

(C+A - ieLr_^)|T fc , e >= , (^ r _A - zef_ r+: | )|T fe , e >= 

(A.7) 

, where p means the momentum of a DO-brane in the direction of x 1 ~ x 5 . The solution 
to these constraints is 

n=l n a=2 r>0 a=2 



OO J CO 

n=0 ' N n=l " AT 

00 X ~ °° 1 ~ 

+ ^ ( ^n^+^-+l ) + E (^-n-^-n-^) 
n=0 " TV n=l ' N 

r>0 r>0 

+^(E C+Atr+) + E ^-r-i^-r-i )] £ > P >NSNS, 
r>0 r>0 



(A.8) 



co i 5 oo 5 

|T fc ,e,p> M = e^E(-E«-n«-n)+^E(ECC,)] 

n=l n a=2 r=l a=2 

CO CO J 

n=0 "' > N n=l IL N 

co _ co _ 

+ E(- — r^4^) + E(^-»-J- a 



n=0 " AT n=l ' N 



-71- 



co CO 



JV JV 
r=0 r=l 

CO _ CO 

+ie(^U)t + i + £f_ H ^_ r *Wi,e,p>% R . (A.9) 

r=l r=0 

Here |Tj >(°) means zero mode part of the boundary state. 
The GSO-projection invariant combination is 

\T k >NSNS = 7;f(7r) 5 l\ T ii+iP>NSNS±\ T ii-iP>NSNs], (A. 10) 

Z J Ztx 

\T k > RR = ~ [A 5 [\T h +,p> RR ±\T l ,-,p> RR }. (A.ll) 

Signs in these equations are determined^ as follows. 

6 It is easily shown by requiring the GSO invariance that each of these sign is + if there are fermionic 
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k=0 : (-) for NS-sector , (+) for R-sector 
k=y : (+) for NS-sector , (+) for R-sector 
Others : (-) for NS-sector , (+) for R-sector 

Finally, \T k > is constructed from a linear combination of \T k >nsns and \T k >rr as 

j^fNSNS J\f RR 

\Tk > = \Tk >nsns H — o — \Tk >rr, (A. 12) 



where the coefficients : J\f^ SNS , jV k R are determined from the Cardy's condition :( fD| 
as we will see below. 

[Boundary state calculations] 

In order to determine the coefficients in eq.( |A.12| ) we require Cardy's condition eq.i 
Before we do that, let us define "Z" functions following ref. [KB 



as 



Z«( T ) = q^e inaP n(l + e i7r/3 g m_i ^)(l + e~ i7r/3 g m ~ i ^), (A.13) 

m=l 

oo 

r,( T ) = g-s n( 1 -0> (A.14) 



m=l 

where we set q = e i27TT = e~ 4nl 

These functions have following modular properties 



1, , 1. 



Z$(t) = Z p _ a (—) , = V^irvir). (A.15) 

r r 

First we show the calculations of (R.H.S) of eq.(|3.3|). If k is not 0, then we get 

>M. B ^ laip \Z (2il)\'\zfi(2il)\ 2 



poo dfc 

<+,T k \A\+,T k>NSNS = Vi dl{—fe 

Jo Zn 

POO 

< +,T k \A\-,T k > NS ns = V\ I dl 

Jo 



V(2il) 4 \zl 2n (2U)\ 



k 



2 



( //, i5e _ 7; ,,,,iz?(M)i 2 izr^(M)i 2 



2n/ V{2iiy\z\ 2 ^ (2iZ)| 2 ' 



o 



' 2n r){2il) A \z\ 2jT (2il)\ 2 



< +, T k \ A|— , T k >rr = (This is because of fermionic zero modes.), 

(A.16) 



zero mode or is — if not. 
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where we defined V\ as the volume of the Neumann direction. 

Doing the Gauss integrations and modular transformations, we get 



< T k \A\T k > 



dl {la') 



12 



8 " ( 27r ) 57 ° V {2iIY\z\' 2t! (2U)\ 

•{|A^ v ^ iVS '| 2 |^0(2iZ)| 2 |^o # (2iZ)| 2 - |7V; iV ^ iV ^| 2 |^0(2iZ)| 2 |^r 2# (2iZ)| 2 

-wr\ 2 \zim\ 2 \zl~ 2 - N wri 



2§(27r)5 Jo ^tf^l^iit)^ 

w SNS \ 2 \zim 2 \zkm\ 2 - Un'mmz^^m 2 }, 



(A.17) 



where we defined t = ^. 



In the same way if k=0 (untwisted sector) then we get 

<T |A|T > = / °°^ ( ^ )9 -"^^^T^il-^^l'l^oC^r 



ira'Vi f 00 „,dk^ _ Mk 2 1_ 

7](2iiy 

-w» sNs \*\zim A -wn 2 \zim% 

(A.18) 



[Open string calculations] 

Next we show the calculations of (L.H.S) of eq.(|3.3|). If k is not 0, then we get 



2 f § Tr ™-« [^F^- 2 ""! 



2 7f~ 1 

\Zl{it)\ 2 \Zl,_m - \Zl{it)\ 2 \ZU{it)\), (A.19) 



N 
2 

If k is 0, then we get 



where C is 4 for k = y and is 1 for others. 



o Yt TrNS - R[ 2 6 ] 
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2-2( 7r )- 1 (a')"^i / rfiH 



Zg(it)*-^(it)*-^(it) 



4 



T/^t) 8 

(A.20) 



[Determination of the normalization! 



Now we can determine the coefficients in eq.( |A.12| ) by using Cardy's condition eq.(|3.3|). 
Then the results £1X6 £lS follows 

(1) k = case : Af NSNS = Af RR = 2 3 7rIo/§, 

(2) k = f case : Af NSNS = Af RR = 2^^ 



IT 2 a : 2 . 



(3)k ^ 0, f case : 2Af NSNS = Af RR = 2 3 7rl«'i 
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